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ABSTRACT
The quantum integrability of a class of massive perturbations of the parafermionic con-
formal field theories associated to compact Lie groups is established by showing that they
have quantum conserved densities of scale dimension 2 and 3. These theories are integrable
for any value of a continuous vector coupling constant, and they generalize the perturba-
tion of the minimal parafermionic models by their first thermal operator. The classical
equations-of-motion of these perturbed theories are the non-abelian affine Toda equations
which admit (charged) soliton solutions whose semi-classical quantization is expected to
permit the identification of the exact S-matrix of the theory.
January 1997
1. Introduction
This paper is concerned with establishing the quantum integrability of certain per-
turbations of the parafermionic conformal field theories associated to compact simple Lie
groups. Classically, these perturbations arise in the context of non-abelian affine Toda
equations, and they correspond to the “Homogeneous sine-Gordon theories” of Ref. [1].
At the quantum level, we will show that these theories exhibit conserved densities of (at
least) scale dimension 2 and 3, which implies, via the usual folklore, the factorization of
their scattering matrices [2] and hence their full quantum integrability.
The non-abelian affine Toda (NAAT) equations are integrable generalizations of the
sine-Gordon equations-of-motion for a bosonic field that takes values in some, generally
non-abelian, Lie group [3]. In [1], we have determined the class of NAAT equations that can
be derived as the classical equations-of-motion of a theory whose action is real, positive-
definite, and exhibits a mass-gap. The result is that, besides the usual abelian affine Toda
equations with real coupling constant, the NAAT equations give rise to only two series of
models, referred to as the Symmetric-Space Sine-Gordon theories and the Homogeneous
Sine-Gordon theories. Both are classically integrable and, unlike the abelian affine Toda
equations for real values of the coupling constant [4], admit soliton solutions. It is im-
portant for us to emphasize that the sine-Gordon theory is the only abelian affine Toda
equation with imaginary coupling constant that is included in this class.
In the present paper, we only consider the Homogeneous sine-Gordon theories (HSG),
which, at the classical level, are particular examples of the deformed coset models con-
structed by Park in Ref. [5]. The condition that the theory has a mass-gap constrains the
coset to be of the form G/U(1)×rg [1], with G a compact simple Lie group of rank rg in
which the field of the theory takes values. At the quantum level, the coupling constant
becomes quantized and gives rise to an integer number k > 0, known as the “level”. It
is in this way that the resulting theories are nothing other than perturbations of the G-
parafermion theories of level-k [6]. The simplest representative of this class is the HSG
associated to the group SU(2), i.e. to the coset SU(2)/U(1), whose equation-of-motion is
the complex sine-Gordon equation. As shown by Bakas [7], this theory corresponds to the
perturbation of the Zk parafermions by its first thermal operator, one of the three known
integrable perturbations in these models [8]. However, the description of this well-known
theory within the framework of NAAT equations has two important advantages that apply
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to all the other HSG theories. Firstly, the quantum conserved densities can be obtained
through the renormalization of the classical ones. Secondly, since the relevant equations
admit soliton solutions, the quantum description of these theories can be elucidated by
means of a semi-classical approach, as in the sine-Gordon theory. For the HSG associated
to SU(2), the semi-classical analysis leading to the exact spectrum and S-matrix of the
theory has been performed in [9], and it agrees with the results of [8]. The study of the
soliton spectrum for general HSG theories will be presented elsewhere.
Given a simple compact Lie group G, the construction of a HSG theory involves the
choice of two constant elements Λ+ and Λ− in some Cartan (maximal abelian) subalgebra
of g, the Lie algebra of G. These two elements fix the form of the potential term of the
Lagrangian, which is proportional to 〈Λ+, h
†Λ−h〉, where h is the HSG field taking values
in G and 〈 , 〉 is the Killing form of g. This potential term specifies both the mass spectrum
and the precise form of the perturbation of the G-parafermionic theory. To ensure that
the theory has a mass-gap, Λ± have to be chosen such that they are regular, which means
that they cannot be orthogonal to any root of g; otherwise, their value remains arbitrary.
However, different choices of Λ± lead to different theories. For instance, the resulting
theories are not parity invariant unless Λ+ = h
†
0Λ−h0, where h0 is the field configuration
corresponding to the vacuum [1]. Therefore, Λ± have to be considered as continuous
(relevant) vector coupling constants of the theory. Moreover, the role of the kinetic term
is played by a gauged WZW action associated to the coset G/U(1)×rg , whose precise
form is specified by an automorphism τ of the Cartan subalgebra of g that preserves
the Killing form 〈 , 〉. Consequently, τ can be (almost) any element of the orthogonal
group O(rg), and hence it provides an additional set of continuous (marginal) coupling
constants. Remarkably we shall find that the HSG theories are quantum integrable for
any value of Λ± and τ . This means that these theories are counter-examples to the
generally held belief that integrability is a very special property which requires carefully
tuned coupling constants (apart from couplings that can be absorbed into ℏ or an overall
mass scale).
The paper is organized as follows. In Section 2, we summarize the main features of
the classical HSG theories following [1]. In Section 3, we show that they are classically
integrable by exhibiting the existence of an infinite number of classical conserved charges.
To be more specific, for each positive integer scale dimension s, there are rank(G) linearly
independent conserved densities. Explicit expressions for s = 2 and 3 densities are provided
in the Appendix. Section 4 is the core of the paper where quantum conserved densities
of scale dimension 2 and 3 are constructed. The HSG theories are perturbations of a
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coset conformal field theory (CFT) by a relevant primary field, and hence the existence
of quantum conserved densities can be investigated by using the method proposed by
Zamolodchikov in [10], which has already been used in the context of abelian affine Toda
theories [11]. Following the approach of Bais et al. [12], the CFT associated to a coset
G/H can be described in terms of the Wess-Zumino-Witten (WZW) theory corresponding
to the Lie group G. Since, in our case, the underlying ultra-violet CFT is associated to
a coset of the form G/U(1)×rg , the use of this method involves an analysis of operator
products in the WZW theory associated to G. Our study is restricted to the first order in
perturbation theory; however, at least for values of the level k ≥ the dual Coxeter number
of G, our results are expected to be exact [10,13]. Finally, in Section 5, we present our
conclusions.
2. The Homogeneous sine-Gordon theories
According to [1], where more details can be found, the construction of the different
HSG associated to a given compact Lie group G starts with the choice of two constant
elements Λ± in g, the Lie algebra of G. The condition that the resulting theory has a
mass-gap requires Λ± to be semisimple and regular, which means that their centralizer in
g is a Cartan subalgebra. Otherwise, the choice of Λ± is completely free and therefore
they are to be regarded as continuous vector coupling constants of the theory. To comply
with the notation of [1], we will refer to the centralizer of Λ+ in g and to the corresponding
abelian group as g00 ≃ u(1)
+rg and G00 ≃ U(1)
×rg , respectively, where rg is the rank of G.
The HSG is specified by the action
S[h,A±] =
1
β2
{
SWZW[h,A±] −
∫
d2x V (h)
}
. (2.1)
Here, h is a bosonic field that takes values in G, A± are (non-dymanical) abelian gauge
connections taking values in g00 , and SWZW[h,A±] is the gauged Wess-Zumino-Witten
action for the coset G/G00 ≃ G/U(1)
×rg ,
SWZW[h,A±] = SWZW[h] +
1
2pi
∫
d2x
(
−〈A+ , ∂−h h
†〉
+ 〈τ(A−) , h
† ∂+h〉 + 〈h
† A+ h , τ(A−)〉 − 〈A+ , A−〉
)
,
(2.2)
where x± = t± x are light-cone variables in 1+ 1 Minkowski space. The potential V (h) is
V (h) = −
m2
2pi
〈Λ+ , h
† Λ− h〉 , (2.3)
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where we have denoted the Killing form on g by 〈 , 〉, normalized such that long roots have
square length 2. Finally, ℏm is a constant with dimensions of mass, and β is a coupling
constant that has to be quantized if the quantum theory is to be well defined; namely,
ℏ β2 = 1/k, where k is a non-negative (dimensionless) integer [14]. The Planck constant is
explicitly shown to exhibit that, just as in the sine-Gordon theory, the semi-classical limit
is the same as the weak-coupling limit, and that both are recovered when k → ∞. The
action (2.1) is invariant with respect to the abelian gauge transformations
h(x, t) 7→ e α h e − τ(α) , A± 7→ A± − ∂±α , (2.4)
where α = α(x, t) takes values in g00 ≃ u(1)
+rg .
It is well known that a coset G/H specifies different conformal field theories associated
to the anomaly-free embeddings of H into GL ⊗ GR, the internal chiral symmetry group
of the WZW theory corresponding to G, and that all the resulting theories share the same
central charge [15]. In our case, the possible anomaly-free embeddings of G00 ≃ U(1)
×rg
into GL ⊗GR are specified by τ , which is an arbitrary automorphism of g
0
0 that preserves
the restriction of the Killing form 〈 , 〉 to g00. Therefore, since g
0
0 is abelian, τ can be
any element of the orthogonal group O(rg). In particular, τ can always be chosen to
be +I or −I, which lead to gauge transformations of vector or axial type, respectively, and
which are the only possible choices for G = SU(2). However, in order to ensure that the
resulting HSG theory has a mass-gap, τ has to be different to the conjugation induced by
the field configuration corresponding to the vacuum h0, which means that τ(u) 6= h
†
0uh0
for any u ∈ g00 [1]. Nevertheless, the proof of quantum integrability presented in Section 4
is based on the underlying (Kac-Moody) current-algebra structure of the gauged WZW
action specified by G/U(1)×rg , and hence it does not make any reference to τ . Therefore,
since the different CFT’s associated to the same coset are related by means of deformations
induced by marginal operators of the form
∫
d2x CABJ
A(z) JB(z) involving the Cartan
components of the affine chiral currents [16], the automorphism τ provides an additional
set of continuous (marginal) coupling constants of the HSG theories.
At the quantum level, the HSG theories can be described as a perturbed CFT of the
form
S = SCFT +
m2
2piβ2
∫
d2x Φ(x, t) . (2.5)
Here, SCFT is the action of the CFT associated to the coset G/U(1)
×rg at level k, which
is nothing else than the theory of level-k G-parafermions [6], whose central charge is
CCFT(G, k) =
k dim (G)
k + h∨g
− rank (G) , (2.6)
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where h∨g is the dual Coxeter number of G.
Following the work of Bais et al. [12], the generators of the operator algebra of the
coset CFT can be realized as a subset of the generators of the operator algebra of the
underlying Wess-Zumino-Witten model associated to G. Those generators include the
chiral currents Ja(z) and Ja(z) [17] that satisfy the operator product expansion (OPE)
Ja(z) Jb(w) = −
ℏ2k
(z − w)2
δab + ℏ fabc
Jc(w)
z − w
+ · · · . (2.7)
In this paper, we will follow the conventions of [12,18], and we have introduced a notation
reminiscent of euclidean space: z ≡ x− and z ≡ x+. The WZW field h = h(z, z) is a
spinless primary field whose conformal dimension
∆h = ∆h =
ch/2
k + h∨g
; (2.8)
depends on the chosen representation of G through ch, the value of the quadratic Casimir
of G, tata = −ch I. The relation between the WZW field and the chiral currents is
summarized by the “null-equation”
ℏ
(
k + h∨g
)
∂h =
(
Ja tah
)
, (2.9)
where (AB)(z) is the normal ordered product of two operators A(z) and B(z) [18].
In the last equations, the ta’s provide an antihermitian basis for the (compact) Lie
algebra g normalized such that 〈ta, tb〉 = −δa,b. We will distinguish the generators of the
Cartan subalgebra g00 as t
A, tB, . . .with A,B, . . . = 1, . . . , rg, while the other generators will
be denoted as ti, tj, tk, . . .. The standard realization of this basis by means of a Chevalley
basis for the complexification of g is presented in the appendix.
Then, the operator algebra of the G/U(1)×rg coset CFT is generated by those oper-
ators whose OPE with the currents JA(z) and JA(z) is regular [12]. This condition is the
quantum version of gauge invariance with respect to (2.4), as will be shown in the next
section.
In eq. (2.5), Φ = 〈Λ+, h
†Λ−h〉 will be understood as a matrix element of the WZW
field h taken in the adjoint representation, Φ = 〈Λ−, h
ad · Λ+〉. Recall that, with our
normalization of 〈, 〉, the quadratic Casimir in the adjoint representation is cv = f
abcfabc =
2h∨g . Therefore, the perturbation is given by a spinless primary field with conformal
dimension
∆Φ = ∆Φ =
h∨g
k + h∨g
< 1 , (2.10)
– 5 –
which shows that the perturbation is relevant for any value of k. Correspondingly, m is a
dimensionful coupling constant with positive scale dimension
[
m
]
=
k
k + h∨g
> 0 . (2.11)
All this is equivalent to the statement that the resulting field theory is “super-
renormalizable”, which means that only a finite number of couterterms are required to
renormalize the theory. Moreover, we will assume that 2 ∆Φ ≤ 1 or, equivalently, k ≥ h
∨
g ,
and, consequently, that no counterterm is actually needed [10,13].
It is worth considering the semi-classical and/or weak coupling k → ∞ limit of the
HSG theories. Then, CCFT(G, k)→ dim(G)− rank(G) and [m]→ 1, which shows that, in
this limit, the theory consists of dim(G) − rank(G) free massive bosonic particles whose
mass is proportional to ℏm. They are just the “fundamental particles” of the classical
theory, which are associated to the roots of the Lie algebra g [1].
3. Classical integrability
At the classical level, the integrability of the HSG theories is manifested in the zero-
curvature form of their equations-of-motion
[
∂− + mΛ− − ∂−h h
† + hτ(A−)h
† , ∂+ + mhΛ+h
† + A+
]
= 0 , (3.1)
along with the constraints that arise from the equations of motion of the gauge field:〈
tA , h†∂+h + h
†A+h − τ(A+)
〉
= 0 ,〈
tA , −∂−hh
† + hτ(A−)h
† − A−
〉
= 0 ,
(3.2)
for all A = 1, . . . , rg. Eq. (3.1) implies that there exist an infinite number of conserved
densities that can be obtained by applying the well known Drinfel’d-Sokolov construc-
tion [19]. This requires to express eq. (3.1) as a zero-curvature equation associated to the
“homogeneous gradation” of the loop algebra (see the last reference in [19])
L(g) = C[λ, λ−1]⊗ g =
⊕
j∈Z
L(g)j , where L(g)j = λ
j ⊗ g , (3.3)
which is equivalent to the introduction of a “spectral parameter” λ. Since the equations
of motion remain unchanged if Λ± 7→ λ
∓1 ⊗Λ±, eq. (3.1) can actually be understood as a
zero-curvature equation associated to L(g) and to the Lax operator L = ∂−+Λ+ q, where
Λ ≡ mλ⊗ Λ− ∈ L(g)1 and q = − ∂−h h
† + hτ(A−)h
† ∈ L(g)0 . (3.4)
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In this case, the Drinfel’d-Sokolov construction goes as follows. First, there is some
function y of the form
y =
∑
n>0
yi(n) λ−n ⊗ ti ∈ L(g)<0 (3.5)
that “abelianizes” the Lax operator, i.e.,
ey (∂− + Λ + q) e
−y = ∂− + Λ + H ,
ey
(
∂+ + mh (λ
−1 ⊗ Λ+) h
† + A+
)
e−y = ∂+ + H ,
(3.6)
where H and H take values in the centralizer of Λ in L(g)≤0:
H =
∑
s≥1
I(0)As λ
−s+1 ⊗ tA and H =
∑
s≥1
I
(0)A
s λ
−s+1 ⊗ tA . (3.7)
Moreover, y, H, and H are local functionals of q, and I
(0)A
s and I
(0)A
s have scale dimen-
sion s with respect to the scale transformations x± → x±/ρ. Then, the zero curvature
equation (3.1) simplifies to
∂+I
(0)A
s = ∂−I
(0)A
s , (3.8)
which shows that, for each scale dimension s ≥ 1, there are rank(G) classically conserved
densities (I
(0)A
s , I
(0)A
s ).
The transformation of the conserved densities with respect to the gauge transforma-
tions (2.4) can be easily derived by realizing that the Lax operator transforms just by
conjugation: L 7→ e α L e −α or, equivalently,1
q 7→ e α q e −α − ∂−α . (3.9)
Then, e y 7→ e αe ye −α, H 7→ H − ∂−α, and H 7→ H − ∂+α, which means that all the
conserved densities with scale dimension s ≥ 2 are gauge invariant, while the densities
with s = 1 transform as
I
(0)A
1 7→ I
(0)A
1 − ∂−α
A and I
(0)A
1 7→ I
(0)A
1 − ∂+α
A . (3.10)
Actually, using eqs. (3.2) and (3.6), one can easily show that I
(0)A
1 t
A = A− and I
(0)A
1 t
A =
A+, in agreement with eqs. (2.4) and (3.10).
The global symmetries that give rise to the s = 1 conserved densities and the asso-
ciated gauge invariant conserved charges have been discussed in [1]. In the following, we
will only be interested in the gauge invariant densities (s ≥ 2), and we provide explicit
expressions for the classically conserved densities with scale dimension s = 2 and 3 in the
appendix.
1 Notice that the gauge transformation of the Lax operator is independent of τ , i.e., it does
not depend on the the precise form of the group of gauge transformations (2.4) of the theory.
Actually, this is the reason why the proof of integrability does not make any reference to the
automorphism τ .
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4. Quantum conserved densities
In this section we examine the fate of the classical conserved quantities of spin 2
and 3 in the quantum theory. The proof that, after an appropriate renormalization, the rg
currents of spin 2 and 3 remain conserved is quite involved and uses conformal perturbation
theory.
Since the quantum HSG theories can be described as perturbed conformal field theo-
ries, the existence of quantum conserved charges can be investigated by using the method
of Zamolodchikov [10] (see also [13]). In the presence of the perturbation (2.5) any lo-
cal chiral field I(z), which in the unperturbed CFT satisfies ∂I(z) = 0, adquires a z
dependence:
∂I(z, z) = − k m2
∮
z
dw
2pii
Φ(w, z) I(z) . (4.1)
This is the contribution at the lowest order in perturbation theory; however, if k ≥ h∨g ,
or equivalently 2∆Φ ≤ 1, this expression is expected to be exact [13] (see the comments
below eq. (2.11)).
Consequently, in the perturbed theory, I(z, z) will be a conserved density if the right-
hand-side of (4.1) is a total ∂ derivative, i.e., if (4.1) can be written as ∂I(z, z) = ∂I(z, z)
where I(z, z) is some field of the original CFT. For this to be true, it is enough that the
residue of the simple pole in the OPE between I(z) and Φ(w, z) is a total derivative,
Φ(w, z) I(z) =
∑
n>1
{ΦI}n
(w − z)n
+
1
w − z
∂I(z, z) + · · · . (4.2)
Recall that the residues of the simple pole in the OPE’s Φ(w, z) I(z) and I(z) Φ(w,w)
differ only in a total ∂ derivative and, in fact, we will always consider the latter because
its expression is usually simpler.
Since the classical theory exhibits gauge invariant conserved densities for any scale
dimension s ≥ 2, we will study local composite operators Is of the chiral currents J
a(z)
and their derivatives of conformal spin s ≥ 2. However, since the unperturbed CFT is a
coset CFT, these operators have to be constrained by the condition of having a regular
OPE with the currents JA(z), for A = 1, . . . , rg. Actually, this condition is the quantum
version of gauge invariance in the classical theory, as shown by the OPE’s
JA(z) JB(w) = − ℏ2 k
δAB
(z − w)2
+ · · · ,
JA(z) J i(w) = ℏ
fAi ı J ı(w)
z − w
+ · · · ,
(4.3)
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compared with the infinitesimal gauge transformation (3.9) of the components of q,
δqA(z, z) = −∂αA(z, z) = −
∮
z
dw
2pii
αB(w, z)
δAB
(w − z)2
δqi(z, z) = − αA(z, z) fAi ı qı(z, z) = −
∮
z
dw
2pii
αA(w, z)
fAi ı qı(w, z)
w − z
. (4.4)
At this point it is convenient to recall that classical expressions can be recovered from
quantum expressions through (see eqs.(2.9) and (3.4))
Jata = −(ℏk) q , (ℏk)→
1
β2
, and k →∞ . (4.5)
4.1 Quantum spin-2 conserved densities
We consider a generic (normal ordered) spin-2 operator
I2(z) = Dab
(
JaJb
)
(z) , (4.6)
with a c-number tensor Dab = Dba. The condition that the OPE J
A(z) I2(w) is regular
implies that the only non vanishing components of Dab are Dαα = Dα α for any positive
root α,2 and
DAB = −
1
k
∑
α>0
Dαα α
A αB , (4.7)
which shows that DAB vanishes in the k →∞ limit and therefore is a quantum correction.
To investigate the condition that I2 is a classical density, we use the OPE
Ja(z) h(w,w) = − ℏ
ta h(w,w)
z − w
+ · · · , (4.8)
which is satisfied in an arbitrary representation of G. In particular, by considering the
adjoint representation, eqs. (2.9) and (4.8) lead to
ℏ
(
k + h∨g
)
∂ 〈v, P 〉 =
(
Ja 〈[v, ta] , P 〉
)
, (4.9)
Ja(z) 〈v , P (w,w)〉 = − ℏ
〈[v, ta] , P (w,w)〉
z − w
+ · · · , (4.10)
where v is an arbitrary element in g, P =
(
hΛ+h
†
)
≡ had ·Λ+, and the perturbing operator
is Φ = 〈Λ−, P 〉. Using this, it is easy to show that the residue of the simple pole in the
OPE I2(z)Φ(w,w) is
Res
(
I2(z)Φ(w,w)
)
= − 2 ℏ
(
Ja 〈Dab [Λ−, t
b] , P 〉
)
(w,w) . (4.11)
2
Dαα, Dα α, and DAB are components of Dab with respect to the basis (A.2), which will be
used throughout this Section.
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Therefore, using (4.9), I2 gives rise to a quantum conserved density if Dab is chosen such
that 3
(ℏk)2 Dab [Λ−, t
b] =
1
2
[µ · t, ta] , (4.12)
for any rg-component vector µ, which leads to
(ℏk)2 Dαα(µ) = (ℏk)
2 Dα α(µ) =
1
2
µ ·α
λ ·α
= mD(0)αα(µ) ,
(ℏk)2 DAB(µ) = −
1
2k
∑
α>0
µ ·α
λ ·α
αA αB , (4.13)
where D
(0)
αα = D
(0)
α α gives the classical conserved density, Λ− = λ · t (see the appendix),
and the value of DAB follows from eq. (4.7).
Therefore, we conclude that there exists rank(G) quantum conserved densities of scale
dimension s = 2 labelled by the arbitrary vector µ:
(ℏk)2 I2(µ) =
1
2
∑
α>0
µ ·α
λ ·α
[(
JαJα + JαJα
)
−
1
k
(
JAJB
)
αAαB
]
,
(ℏk)2 I2(µ) = −m
2 (ℏk)2 〈µ · t , P 〉 . (4.14)
The relation between quantum and classical conserved densities of scale dimension 2 is
obtained by considering (4.5),
I2(µ) = m µ ·
(
I
(0)
2 +
1
k
I
(1)
2
)
,
I2(µ) = m µ · I
(0)
2 . (4.15)
Finally, let us exhibit the relation between the quantum conserved density I2(λ) and
the energy-momentum tensor. First, recall the algebraic relation∑
α>0
αAαB =
cv
2
δA,B = h∨g δ
A,B . (4.16)
This implies that eq (4.14) becomes
(ℏk)2 I2(λ) = −(k+ h
∨
g )
{ −1
2(k + h∨g )
(
JaJa
)
+
1
2k
(
JAJA
)}
≡ −(k+ h∨g ) Tz,z , (4.17)
in agreement with the Sugawara construction of the energy-momentum tensor of the coset
CFT, and, consequently,
(ℏk)2 I2(λ) = −m
2 (ℏk)2 〈Λ− , P 〉 ≡ −(k + h
∨
g ) Tz,z . (4.18)
3 The normalization is chosen to simplify the comparison with the classical results. Explicit
factors of ℏk arise because of the relation Ja = −(ℏk) qa (see eq. (4.5)).
4.2 Quantum spin-3 conserved densities
Let us consider a (normal ordered) spin-3 operator of the form
I3(z) = Pijk
(
J i
(
JjJk
))
(z) + PAij
(
JA
(
J iJj
))
(z) + Qij
(
J i∂Jj
)
(z)
+ PABC
(
JA
(
JBJC
))
(z) + QAB
(
JA∂JB
)
(z) + RA ∂
2JA(z) , (4.19)
where Pijk and PABC are totally symmetric, PAij = PAji, and Qij and QAB are antisym-
metric c-number tensors.
The requirement of gauge invariance, i.e. that the OPE’s JA(z) I3(w) are regular
implies the following constraints. Firstly,
PABC = −
1
6k
(
fAik fBjk PCij + f
Aik fCjk PBij
)
,
QAB = −
ℏ
2k
fAil f jlm fBkm Pijk , and RA =
ℏ
6
fAij Qij , (4.20)
which, taking into account the relation between quantum and classical variables, Ja =
−(ℏk)qa, can be written as
[−(ℏk)3PABC ] = −
1
6k
(
fAik fBjk [−(ℏk)3PCij ] + f
Aik fCjk [−(ℏk)3PBij ]
)
,
[(ℏk)2QAB ] = +
1
2k2
fAil f jlm fBkm [−(ℏk)3Pijk] ,
[−(ℏk)RA] = −
1
6k
fAij [(ℏk)2Qij ] , (4.21)
which shows that PABC , QAB , and RA arise as quantum corrections. Secondly, the only
non-vanishing components of PAij and Qij are PAαα = PAα α and Qαα = −Qαα, for any
positive root α. Finally,
αA Qαα + (ℏk) PAαα = − 3 ℏ f
Aik f jkα Pijα , (4.22)
as can be checked by means of an involved but straightforward calculation.
To study the quantum conservation of (4.19), it is more convenient to write the spin-3
density as
I3(z) = P̂abc
(
Ja
(
JbJc
))
(z) + Q̂ab
(
Ja∂Jb
)
(z) + R̂A ∂
2JA(z) , (4.23)
where P̂abc is totally symmetric and Q̂ab is antisymmetric, and we have the following
identities (recall that we are using the conventions of [18] for normal ordered products)
Pijk = P̂ijk , PAij = 3 P̂Aij ,
Qij = Q̂ij −
3ℏ
2
(
fAik P̂Ajk − f
Ajk P̂Aik
)
.
(4.24)
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In this way, it is easy to show that
Res
(
I3(z)Φ(w,w)
)
= ℏ
{(
Ja
(
Jb 〈Xab , P 〉
))
+
(
∂Ja 〈Ωa , P 〉
)}
(w,w) , (4.25)
where the algebraic coefficients are
Xab = − 3 P̂abc [Λ− , t
c] ,
Ωa = 2 Q̂ab [Λ− , t
b] + 3 ℏ P̂abc [[Λ− , t
b] , tc] .
(4.26)
Therefore, taking into account (4.9), the condition to have a spin-3 quantum conserved
density is that
Xab = [Fa , t
b] + [Fb , t
a] ,
Ωa = 2 ℏ (k + h
∨
g ) Fa + ℏ f
abc [Fb , t
c] ,
(4.27)
for some elements Fa in g, which ensures that
Res
(
I3(z)Φ(w,w)
)
= 2 ℏ2 (k + h∨g ) ∂
(
Ja 〈Fa , P 〉
)
(w,w) . (4.28)
Eqs. (4.27) can be solved for P̂abc and Q̂ab as functions of Fa:
3 P̂abc [Λ− , t
c] = − [Fa , t
b] − [Fb , t
a] , (4.29)
2 Q̂ab [Λ− , t
b] = 2(ℏk) Fa + ℏ
{
[Fb , [t
a , tb]] + [tb , [ta , Fb]]
}
. (4.30)
The condition to have a classical conserved density of scale dimension 3 is recovered
by removing the last term in eq. (4.30), which is an explicit quantum correction. Then,
the resulting classical equations have rank(G) solutions
(ℏk)3 F (0)a = m
2 Q
(0)
ab (µ) [Λ−, t
b] , (4.31)
which give rise to the rank(G) spin-3 classically conserved densities presented in the ap-
pendix. Notice that, for these classical solutions, FA ≡ F
(0)
A = 0.
The quantum corrections to these classical solutions are induced by the last term in
eq. (4.30). In fact, this equation with a = A becomes a constraint for Fa
2(ℏk) FA + ℏ
{
[Fb , [t
A , tb]] + [tb , [tA , Fb]]
}
= 0 , (4.32)
which admits the exact solution
Fi = F
(0)
i , FA = −
1
2k
{
[F
(0)
i , [t
A , ti]] + [ti , [tA , F
(0)
i ]]
}
, (4.33)
which, therefore, can be understood as the “renormalization” of the classical solution
Fa = F
(0)
a .
– 12 –
Finally, eqs. (4.29), (4.30), and (4.24) provide the precise value of the tensors that
specify the conserved spin-3 density I3, namely
− (ℏk)3 Pijk = m
2 P
(0)
ijk (µ) , (4.34)
− (ℏk)3 PAij = m
2
(
P
(0)
Aij(µ) +
1
k
P
(1)
Aij(µ)
)
, (4.35)
(ℏk)2 Qij = m
2
(
Q
(0)
ij (µ) +
1
k
Q
(1)
ij (µ)
)
, (4.36)
where the classical contributions can be found in the appendix. The quantum corrections
are given by
P
(1)
Aαα(µ) = 2
∑
β>0
(λ · β) (α · β)
(λ ·α)
βA Q
(0)
β β
(µ) , (4.37)
Q
(1)
α α(µ) = α
A P
(0)
Aαα +
∑
β>0
(λ · β)
(λ ·α)
D(β,α)Q
(0)
β β
(µ) , (4.38)
and we have introduced the notation
D(β,α) =
∑
i
(
fαβi fαβi + fαβi fαβi
)
, (4.39)
such that
[tβ, [tα, tβ]] + [tβ , [tα, tβ]] = D(β,α) tα . (4.40)
By means of a tedious but straightforward calculation, it can be shown that the
coefficients in eqs. (4.34)-(4.36) satisfy the constraints (4.22), as required to ensure that
I3 is a generator of the coset operator algebra. Correspondingly, eq. (4.28) leads to
I3(µ) = − (ℏk)m
2
(
Ja〈F˜a , P 〉
)
,
F˜a = − 2 ℏ (k + h
∨
g ) Fa + Q̂ab [Λ− , t
b] + 3 ℏ P̂abc [[Λ− , t
b] , tc] . (4.41)
Therefore, for any simple compact Lie group G, we conclude that the classically conserved
densities give rise to precisely rank(G) quantum conserved densities
I3(µ) = m
2 µ ·
(
I
(0)
3 +
1
k
I
(1)
3 +
1
k2
I
(2)
3
)
,
I3(µ) = m
2 µ ·
(
I
(0)
3 +
1
k
I
(1)
3 +
1
k2
I
(2)
3
)
, (4.42)
of scale dimension 3 (see eqs. (4.21), and (4.34)-(4.36)).
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5. Conclusions and Discussion
We have shown that the Homogeneous sine-Gordon theories of [1] exhibit rg quantum
conserved densities of scale dimension 2 and 3, which implies that these theories have
a factorized S-matrix [2] and, hence, that they are quantum integrable. The quantum
conserved currents are related to the classical ones by a non-trivial renormalization. These
theories are perturbations of the level-k theories of G-parafermions, which are well-known
conformal field theories [6], where G is a compact simple Lie group. They are characterized
by an anomaly-free embedding of the maximal abelian subgroup U(1)×rg into GL ⊗ GR,
which is specified by an automorfism τ of the Cartan subalgebra that preserves the Killing
form 〈 , 〉. Consequently, τ can be (almost) any element of the orthogonal group O(rg), and
hence it provides a set of continuous (marginal) coupling constants. The perturbation is
given by a relevant primary field specified by two constant elements Λ± in the Lie algebra
of G, which play the role of continuous vector coupling constants of the theory. In contrast,
the other coupling constant in the theory β2 has to be quantized, giving rise to the integer
level k, if the quantum theory is to be well defined [14]. Our results show that the resulting
theories are quantum integrable for any compact simple Lie group G, and for any value of
the level k (at least if k ≥ the dual Coxeter number of G). More remarkably the theories
are integrable for any value of the vector coupling constants Λ± and for any choice of the
automorphism τ , a fact which appears to be in contradiction to the commonly held belief
that integrability requires careful fine-tuning of coupling constants.
An important property of these theories is that they have soliton solutions, like the
sine-Gordon theory. As explained in [1], the solitons and fundamental particles of the HSG
theories are associated to the positive roots of g, the Lie algebra of G. Recall that the
simplest theory of this class is the complex sine-Gordon theory (CSG) [5,7,9], which has
periodic time-dependent soliton solutions (see [9] and references therein). For the more
general theory, the solitons are constructed by embeddings of the CSG soliton associated
to a particular su(2) subalgebra generated by E±α.
The quantum integrability of these theories implies that they should admit a factor-
izable S-matrix and the next stage of analysis consists in establishing its form. We expect
that it should be possible to infer the form of the exact S-matrix through the semi-classical
quantization of the solitons. Actually, these solitons carry abelian charges and the expec-
tation is that they give rise to a tower of massive states where the lightest ones correspond
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to the fundamental particles appearing in the Lagrangian, as in the complex sine-Gordon
theory. More particularly, the semi-classical limit of the S-matrix can be compared with
the time-delays that occur in the classical scattering [20]. The classical and semi-classical
analysis of the soliton spectrum, together with the expressions for the time-delays, will be
presented in a subsequent publication.
Finally, let us recall that all these theories can be viewed as generalizations of the
perturbation of the simplest Zk parafermions by their first thermal operator [7], which is
only one of their three known series of massive integrable perturbations [8]. It would be
interesting, therefore, to investigate the existence of other massive integrable perturbations
of the theory of G-parafermions for a given compact Lie group G. In this respect, let us
recall that, according to [1], the non-abelian affine Toda equations give rise to a second
family of classical massive solitonic integrable theories associated to (compact) Symmetric-
Spaces. The theory associated to a symmetric space G/G0 describes a perturbation of the
CFT’s corresponding to a coset of the form G0/U(1)
×p, where p is always < rank(G) and
≥ rank(G)− rank(G/G0). Thus, we expect that the analysis of this second class of models
along the lines of this paper could lead to different solitonic integrable perturbations of
more general coset CFT’s and, as particular examples, of parafermionic (p = rank(G0)) as
well as WZW (p = 0) theories.
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Appendix: The classically conserved densities
Below, we give the explicit expressions for the the classical conserved densities with
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scale dimension s = 2 and 3, which can be obtained by solving eqs. (3.6).
First, let us consider an explicit realization of the basis {ta} in terms of a Cheval-
ley basis of the complexification of the compact Lie algebra g. It consists of a Cartan
subalgebra with generators, HA, A = 1, . . . , rg, and step operators Eα normalized such
that
[HA, Eα] = α
A Eα , and [Eα, E−α] =
2
α2
α ·H ≡
2
α2
αAHA . (A.1)
Then, the antihermitian basis for the compact Lie algebra g is
tA = iHA , A = 1, . . . , rg ,
tα =
√
α2
4
(
Eα − E−α
)
, and tα = i
√
α2
4
(
Eα + E−α
)
,
(A.2)
for any positive root α of g. This way, in particular, fα β γ = fαβγ = 0 for any three
positive roots α,β,γ, and [tα, tα ] = α · t ≡ αAtA, which means that fAαα = αA. With
respect to this basis, Λ− = λ · t (recall that Λ = m z ⊗ Λ−), and we will also use the
following notations. First, tı indicates tα when i = α, or tα if i = α, and, second, for any
rg-component vector µ, f
µij ≡ µAfAij .
Introducing q = qata, the expression for the s = 2 classical conserved densities is
µA I
(0)A
2 ≡ µ · I
(0)
2 = D
(0)
i,j (µ) q
iqj ,
µA I
(0)A
2 ≡ µ · I
(0)
2 = −m 〈µ · t , hΛ+h
†〉 ,
(A.3)
where the only non-vanishing components of D
(0)
i,j (µ) are
D(0)αα(µ) = D
(0)
α α(µ) =
1
2m
µ ·α
λ ·α
. (A.4)
Here, µ is an arbitrary vector which manifests the existence of rank(G) conserved densities
for each integer scale dimension s.
As expected, one of the s = 2 densities is related to the classical energy-momentum
tensor, which is recovered for µ = mλ [1]
m λ · I
(0)
2 =
1
2
∑
α>0
(
qαqα + qαqα
)
= −
1
2
〈q − qAtA , q − qAtA〉 ≡ 4piβ2 T−− ,
m λ · I
(0)
2 = −m
2 〈Λ− , hΛ+h
†〉 ≡ 4piβ2 T+− . (A.5)
For scaling dimension s = 3, the rank(G) classically conserved densities are of the
form
µ · I
(0)
3 = P
(0)
ijk (µ) q
iqjqk + P
(0)
Aij(µ) q
Aqiqj + Q
(0)
ij (µ)q
i∂−q
j , (A.6)
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where the only non-vanishing coefficients are
P
(0)
ijk (µ) =
fµiı fλj − fµj fλiı
6m2 fλiıfλjfλkk
f ijk , (A.7)
P
(0)
Aαα(µ) = P
(0)
Aα α(µ) = −
1
2m2
µ ·α
(λ ·α)2
αA , (A.8)
Q
(0)
αα(µ) = −Q
(0)
αα(µ) = −
1
2m2
µ ·α
(λ ·α)2
. (A.9)
Notice that P
(0)
Aαα(µ) = α
AQ
(0)
αα(µ), which, according to (4.22), is a manifestation of the
gauge invariance of µ · I
(0)
3 . Correspondingly,
µ · I
(0)
3 = −
1
2
∑
α>0
(µ ·α)
(λ ·α)
〈qαtα + qαtα , hΛ+h
†〉 . (A.10)
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